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This paper is concerned with quasi-stationary potential distributions 
in one-dimensional ion-electron currents close to an emitting surface. 
It is assumed that the part played by near collisions can be neglected. 
Three types of regimes unstable with respect to slow changes in the 
boundary conditions have been found. The instability is attributable 
to the feedback created by slow particles reflected to the emitter by 
potential barriers in the Debye layer close to the emitter. 

Problems of the stability of stationary oscillations of potential in 
relation to rapid fluctuations occurring in a particle flux have been 
considered by a number of authors in the hydrodynamic [1-8] and 
kinetic [8-7] approximations. Reference [8] gives a classification of 
the stationary one-dimensional potential distributions in electron-ion 
fluxes emitted from a surface (on the assumption that the role of 
near collisions can be neglected). 

Below, we shall investigate the instabilities in quasi-stationary 
ion-electron fluxes that develop due to feedback between the emitter 
field E o and the flow of particles to infinity J0 at fixed initial ion and 
electron velocity distribution functions f0i(v) and f0e(V) and a fixed 
value of the current Jk supplied to the emitter by the power source. 
The feedback is attributable to slow particles reflected to the emitter 
by potential barriers. 

Instabilities of the first and second types due to the absence of 
stationary regimes at adjacent values of E o develop during a time of 
the order of 1/+ s (w s is the plasma frequency), since the number of 
reflected particles responsible for feedback is comparable with the 
total number of particles. 

Instability of the third type is characteristic of those potential 
distributions when slow particles leaving the emitter are first accel- 
erated and only then retarded and reflected to the emitter. In par- 
ticular, instahility is observed in the case of a homogene6us ion- 
electron flux with zero potential relative to the emitter in the pres- 
ence of particles of the same sign with energies close to zero. The 
development time for an instability of the third type may substan- 
tially exceed 1/~ 0, if the number of accelerated slow particles is 
relatively small. 

In w the form of the approximate system of equations is estab- 
lished for the case of slow oscillations of the boundary conditions in 
time, in w solutions of this system are investigated. 

We shall introduce certain basic notation: x is the distance from 
the emitting surface, t is time, E is the electric field, ~ is the elec- 
trostatic potential with reversed sign, m, -e are the electronic mass 
and charge, tt is the electron-ion mass ratio, v is the particle velocity 
in the direction of the x axis, Vim, Veto are the minimum initial ve- 
locities of ions and electrons, starting from which the particles escape 
to infinity, - elm, eem are the minimum and maximum values of 
the potential. 

w  Let  the  t i m e  s c a l e  % given  by  the v a r i a t i o n  of  
the  b o u n d a r y  cond i t ions  in t i m e ,  be much g r e a t e r  than  
1/c%. F o r  s i m p l i c i t y ,  w e  s h a l l  c o n s i d e r  t h e  c a s e  w i t h  

f i x e d  i o n s  o f  c o n s t a n t  d e n s i t y  n i .  

We s h a l l  s t a r t  f r o m  t h e  s y s t e m  o f  e q u a t i o n s  

O!(z,v,t) . •  �9 - - .  +~al(x,v,t) 
0 - / - - - ' i v  Ox - - - - ~ ( x , , j ~ = 0 ,  m 

+ < ' . " -  ,,+ 
- - o o  

with  b o u n d a r y  c o n d i t i o n s  

E ( z , t )  = E  0(t), f ( x ,  v , t )  = 10(v, t) a t  z = 0 .  

H e r e f ( x ,  v, t) i s  t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n .  

We i n t r o d u c e  the  d i m e n s i o n l e s s  q u a n t i t i e s  

Xt x v' v ~, t E '  -~ E = --~, = -~-, . = -~-, ~ - ,  

f /v~ ,.,~ 4,:e~n++ E o ,nv~ (1" 2 )  
~ -  n t ' r d ~  co---~' OJO~' ~ '  ~--  e r  d " 

H e r e  v ~ i s  t he  Ve loc i ty  s c a l e .  T h e  q u a n t i t i e s  d f / d t '  

v f d f f / d x  ,, f v  a r e  o f  t he  s a m e  o r d e r .  S u b s t i t u t i n g  (1 .2)  

in to  (1 .1)  and  o m i t t i n g  the  p r i m e s  f r o m  t h e  new v a r i -  

a b l e s ,  we  o b t a i n  �9 

0! a! st 
8~/- + v  W - -  E-~-  = O, 

r  

= i - -  / d r  e=~-~o  . 
- - o o  

H e r e  e i s  a s m a l l  p a r a m e t e r  equa l  to  1 . 8  �9 1 0 - ~ r  

/ n i l / 2 ,  i f  T i s  m e a s u r e d  in  s e c o n d s ,  and n i in  c m  -3.  

T r a n s f e r r i n g  t h e  f i r s t  t e r m  in  t h e  k i n e t i c  e q u a t i o n  

to t h e  r i g h t  s i d e  and f o r m a l l y  i n t e g r a t i n g  the  e q u a t i o n  

a s  i n h o m o g e n e o u s  a l o n g  the  c h a r a c t e r i s t i c s ,  we  o b -  

t a i n  t h e  k i n e t i c  e q u a t i o n  in  t h e  f o r m  

i �9 ~ dx" O! , , / ( x , v , t )= / , ( x ,  v, t ) - - ~  ~-~-~ i - (x  , v , t) (,~-=- Ed~:) 
o 0 

/ l  (x, v, t) =- lo (] f  v z q- 2r (x, t), t), 

v ' = ] / ' v ' ~ - 2 e p ( x , t )  " 2• (x', t). (1 .4)  

C o n s e q u e n t l y ,  w h e n  x~ << 1 i t  i s  p o s s i b l e  to  r e p -  

r e s e n t  t he  s o l u t i o n  in  s e r i e s  f o r m :  

/ (x, v, t) = 

I .,(1.a) = 11 ( x ,  v ,  t )  - - 8 ~ 7  W t x ,  v ' ,  t )  + . .  
0 o o 

in  p o w e r s  o f  t h e  p a r a m e t e r  xe  (or  x/1-v ~ i f  x i s  in  

c m ,  v ~ in  c m / s e c ,  and  �9 in  s e e ) .  

F r o m  t h e  e q u a t i o n s  o f  s y s t e m  (1 .3)  t h e r e  f o l l ows  

t h e  r e l a t i o n  

+ ~ / ( x , v , t )  v 2 d v _ b s l d x ,  Of(~.~;,t) v d v + C ( t ) ( 1 . 6 )  
- -oo  o - - o ~  
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where 

C (t) _= E~ (0 2 /o (v, t) v 2 dr .  
- - o o  

Subst i tut ing (1.5) in (1.6), we obtain 

2 -- r (x, t) + /~ (x, v, t) v 2 dv + 
- - r  

0 - -OO 

i i  + s ~ dx" d x " . . . .  + C ( t ) .  (1.7) 
0 0 

Thus,  close to the emi t t ing  surface,  when xe << 1 
(in this  case  x is  reckoned in Debye radii),  it is  pos-  
s ib le  to use  the re la t ion  

E z (x, t) 

or  

= r  t) -b I /o(v ,  t) v ] / '~  - - 2 r  -b C (t),(1.8) 
- - 0 3  

H e r e f i  a n d f e  a re  the ion and e lec t ron  d i s t r ibu t ion  
functions,  and as densi ty  sca le  ins tead of the cons tant  
n i we take the average  dens i ty  of the ions.  

Fig. 2 

If the energy  of the ions is  suff icient ly large ,  t he i r  
dens i ty  n i does not depend on the potent ial  d i s t r i bu -  
t ion (n i = ni(t)) and it is poss ib le  to use re la t ions  (1.8) 
and ( 1 . 9 ) i f x e  << 1; in this  case  the scales  in "(1.2), 
inc luding  hi, will,  l ike ni, be slowly va ry ing  funct ions 
of t ime  (r << 1/=%). 

w Sys tem (1.10) has the in tegra l  

v e t o  E 2 
2 f /o. (~, t) V~ ~ -  2o (~, t) ~ d~, + 2 

V2~- 

+ _~ /0~ (v, t) ]/-v 2 - -  20 (x, t) v dv -+- 
ve r t~  

which is the in teg ra l  of the z e r o - t h - a p p r o x i m a t i o n  
sys t em 

v Ot(x ,v , t )  E ( x , t )  Ol(z ,v , t )  - - 0 ,  
Ox Ov 

OE (z, t) f ax = I - -  /(x, v, t) d v .  (1.9) 
- - o o  

In exact ly  the same way, it  is  poss ib le  to show 
that  if  the mot ion of the ions is taken into account  with 
e << p, when the energy  of the ions is  comparab le  with 
the height  of the potent ia l  b a r r i e r ,  c lose  to the e mi t -  
t e r  (xe << 1) it  i s  poss ib le  to use  the z e r o - t h - a p p r o x i -  
mat ion  sys t em 

OJe v ~x  (x, v, t ) ~ E ( x ,  t) (x, v, t) = O, 

v ~ ( z , v , t ) §  v, t ) = O ,  (1.10) 

Ox -- /i (x, v, t) dv - -  /~ (x, v, t) d r ,  
- - c o  - - r  

with the boundary  condi t ions  

E ( x , t )  =Eo( t ) ,  ]~(x, v,t) = ]o~(v,t), 

/ i  (x ,  v, t) = ]o~ (v, t) at z = o .  

U i r n  
1 + 2 7  f ]oi(v,t)]/ 'v 2- t -2~r  v d v §  

Y - 2 ~ *  ( 2 . 1 )  
cG ' i  + ~-  /~(v ,  t) lZv ~- + 2~r t) vdv + C (t), 

v i m  

E~ ( 2v~  ~ C (t) - -  f /o~ (v, t) v ~ dv § /o~ (v, t) v ~ dv ~- 

0 virr~ 

analogous to the in t eg ra l  (3) of s y s t e m  (1) in r e f e r -  
enee [8] for the s t a t i ona ry  ease .  At each m o m e n t  of 
t ime  t 1 the potent ia l  d i s t r ibu t ion  is  s t a t i ona ry  for  giv-  
en Eo (q),  ]o~ (v, q) ,  ]o~ (v, q) ,  and the t ime  d i s t r ibu t ion  
~(x, t) i s  a cont inuous  t r a n s i t i o n  f rom one s t a t i ona ry  
potent ia l  d i s t r ibu t ion  to ano ther .  This  q u a s i - s t a t i o n -  
a r i t y  of the d i s t r i bu t ion  ~0(x, t) is  d i s tu rbed  if for  giv-  
en Eo (t), ]o~(V, t), /o~(v, t) a s t a t i ona ry  d i s t r ibu t ion  ~(x) 
does not ex is t  o r  if  the boundary  eondi t ions  ehange 
too rap id ly  (~- ~ 1/c%). We shal l  a s c e r t a i n  what con-  
d i t ions  ean  lead to d i s t u r b a n c e  of q u a s i - s t a t i o n a r i t y .  

We wr i te  the law of c o n s e r v a t i o n  of e m i t t e r  charge  

dEo 
dt = ]o~-- Joi + h ,  

0 -- 

Fig. I 

(]oe~ ~ ]o.vdv, /o~-- ~ /oivdv). 
v e ~  V~m 

(2.2) 

Here  Jk is a c e r t a i n  compensa t ion  c u r r e n t  supplied 
to the e m i t t e r  f rom outs ide .  It follows f rom (2.2) that  
for q u a s i - s t a t i o n a r y  condi t ions  the total  c u r r e n t  I-= 

-~ Joe - J0i + Jk mus t  be ve ry  sma l l .  Otherwise  rapid 
r e c h a r g i n g  of the e m i t t e r  would occur  in a t i m e  
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E o m . "  t ( ~) 
At = 4--~"n~- = er,t4atn, ~ = ' ~ "  a t ~ - ~  . �9 .~-~ l . , ,~m < 0 (2 ,4 )  

Y, Z,r .  

I //~'-Y... 

Fig.  3 

Consequent ly ,  fo r  some  r a n d o m  s m a l l  v a r i a t i o n  of 
the  c u r r e n t  I the  e l e c t r o n - i o n  c u r r e n t  J0 - J0i - Joe 
m u s t  change so that  the equa l i ty  

Joo - -  joi + j~ = 0 ( 2 . 3 )  

i s  not d i s t u r b e d .  A change in the  c u r r e n t  J0 t a k e s  p l ace  
at  the  expense  of a f luc tua t ion  of E 0 due to the  e s c a p e  
of  c h a r g e  f r o m  the e m i t t e r ,  and a c o r r e s p o n d i n g  

change in Veto , Vim at  g iven  v a l u e s  off0e(V), f0i(v), 
s ince  the  funct ions  f0i(v, t) i v > 0) v a r y  s lowly  in t ime  
as  a condi t ion  of  the  p r o b l e m .  If  I = 0, and E 0 v a r i e s  
r andomly ,  then th is  p r o d u c e s  a change in J0, i . e . ,  
aga in  l e a d s  to a change  in I and the  p r o b l e m  r e d u c e s  
to the p r e v i o u s  one.  

We sha l l  ca l l  a r e g i m e  uns t ab l e  i f  a s m a l l  change  
in I can  p r o d u c e  a va lue  of  E 0 at  which fo r  g iven f0e(V), 
f0i(v) a s t a t i o n a r y  r e g i m e  does  not  ex i s t ,  and a l so  if  
such a s t a t i o n a r y  r e g i m e  does  ex is t ,  but  c o r r e s p o n d s  
to a c u r r e n t  J0 tha t  i n c r e a s e s  I - - then  any f luc tua t ion  
of  I, howeve r  s m a l l ,  can  p r o d u c e  an a u t o m a t i c  in -  
c r e a s e  of I to f in i te  va lue s ,  which a l so  m e a n s  the  d i s -  
t u r b a n c e  of q u a s i - s t a t i o n a r i t y .  By a s t ab l e  r e g i m e  we 
sha l l  u n d e r s t a n d  a r e g i m e  in which s m a l l  f luc tua t ions  
of  I c a u s e  changes  in E 0 tha t  a f fec t  the  c u r r e n t  J0 in 
such a way  tha t  I aga in  v a n i s h e s .  

The  change  in I can  be  conven ien t ly  r e p r e s e n t e d  
as  a s m a l l  change  in Jk l ead ing  to a change  in the  
c h a r g e  on the e m i t t e r ,  and the p r o b l e m  c o n s i s t s  in 
whe the r  the c u r r e n t  J0 wi l l  then  change  so as  to c o m -  
p e n s a t e  the  c u r r e n t  Jk. 

The a b s e n c e  of  s t a t i o n a r y  r e g i m e s  a t  s i m i l a r  v a l -  
ues  of E 0 l e a d s  to i n s t a b i l i t i e s  of two t y p e s .  F o r  s i m -  
p l i c i ty ,  we sha l l  t ake  the  c a s e  E 0 > 0 wi thout  s low 
ions .  The  f i r s t  type  of  u n s t a b l e  r e g i m e s  i s  shown in 
F ig .  1 (Y = E2/2, fo r  g r a p h s  of  Y(golx) s ee  [8]). Here ,  
s ince  J0i does  not  depend on the f luc tua t ions  of E0, 
with d e c r e a s e  in  Jk t h e r e  should be  an  i n c r e a s e  in 
Joe, i . e . ,  ~ e m  m u s t  d e c r e a s e  in o r d e r  to t r a n s m i t  
some  of the  s low e l e c t r o n s  to inf in i ty .  

However ,  fo r  givenfoi(V),  f0e(V) a d e c r e a s e  in ~ e m  
c a u s e s  a d e c r e a s e  in  Y(~) o v e r  the  e n t i r e  i n t e r v a l  (0, 
~em) ,  i . e . ,  in the  ne ighborhood  of  ~k  Y m u s t  a s s u m e  
nega t ive  va lue s ,  which  i s  i m p o s s i b l e .  Thus ,  the  r e -  
g ime  of  F ig .  1 i s  u n s t a b l e  with r e s p e c t  to a d e c r e a s e  

in Jk" 
The second  type  of  u n s t a b l e  r e g i m e s  i s  a s s o c i a t e d  

with d i s t u r b a n c e  of  the  cond i t ion  

n e c e s s a r y  fo r  Y to be pos i t i ve  in the ne ighborhood of 

~ e m .  
We sha l l  c o n s i d e r  the  function (Fig.  2) 

fro 

~tra g ~  

which at  the  point  ~Pem p o s s e s s e s  the  s ame  d e r i v a t i v e  
as  Y(~); consequent ly ,  i f  for  a given ~ e m  at  spec i f ied  

f0e(V),  f0i(v) the  condi t ion  

dz ~=,~ < 0  (2.5) 

i s  not s a t i s f i ed ,  then  a s t a t i o n a r y  r e g i m e  with given 
~Pem, foe, f0i i s  i m p o s s i b l e .  Re g ime s  with a monoton-  
ic po ten t i a l  (dY/dw = 0 at  q9 = q~em, F ig .  3) a r e  s t ab le  
only i f  q~em l i e s  a t  a point  of in f lec t ion  of Z(qo), when 
dZ/d~0 < 0 c l o s e  to ~em (~l in F ig .  2), and uns tab le  
i f  9e ra  l i e s  on an e x t r e m u m  of Z(g0) o r  at  a point  of 
in f lec t ion  with dZ/d~p > 0 c l o s e  to ~ e m  (qh, q~3, W4, 
go 5 in F ig .  2). 

I n s t a b i l i t y  of  the  t h i r d  type  i s  a s s o c i a t e d  with the  
p r e s e n c e  of s low ions  (when E 0 > 0) and i s  e x p r e s s e d  
in the fac t  tha t  a s m a l l  change in I c o r r e s p o n d s  to a 
s m a l l  change in E 0 tha t  i n c r e a s e s  the  uncompensa t ed  
c u r r e n t  I and l e a d s  to i t s  r ap id  growth .  If we c o n s i d e r  
the r e l a t i o n  J0 (E0) fo r  givenf0e(V),  f0i(v), then  an in -  
s t ab i l i t y  of the  t h i r d  type  wi l l  o c c u r  at  those  E 0 fo r  
which 

djo / dE o ~ O, (2.6) 

i . e . ,  f o r  example ,  a s m a l l  add i t iona l  e s c a p e  of ions  
f r o m  the e m i t t e r  due to a s m a l l  i n c r e a s e  in J0 wi l l  
p r o d u c e  a d e c r e a s e  in  E 0 and hence  a f u r t h e r  i n c r e a s e  

in J0. 

S 
Fig.  4 

We sha l l  compute  dj0/dE 0. We have  

/ o =  ~ /o,(v) v d v - -  ~ fo~(v)vdv. 
vim veto 

(2.7) 

Hence 

d]o -= --/o~ (vim) p.d~im -{-/oe (v~) dep~, , 
~ , .  =-- ~-tvtm~ / 2, q)r -~ v~., ~ / 2.  

(2.8) 
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The condition Y(cPem) = Y(--~Pim) = O for the case 
E 0 > O means (see 2.1) 

,. 0 = ~ 1~. (v) }f~-v"~_ v ~  vdv + 

r 

+ ~-' I I"~ (~) Y ~  + ~,v,~ ~,~v + 
o 

vim 

+ ~-' I I~ (v) ] f ~  + I~V." vdv + C (Eo, ~.,,, v,m), (2.9) 

+ I~-* ~ ./~ (v) }rv-v---: v~.' v dv + C (Eo, v~, vt,,0. (2.10) 

In relations (2.9) and (2.10) the expression for 
C(E0, Veto, Vim) has the form 

o o  

C (go, v . ,  v,.,,) = ---~' 
~ ~ ( 2 . 1 1 )  

0 0 

Since these equalities must be preserved when 
~em, ~im, E~ change, we can obtain from them the 
differentials 

+ ? 

d,r Yt,d--~'/'I~,~,, (2.17) 
d~tm Y,~,n' + ]~,a v l  

Since Yem ~ O and Y~m -> 0 for  stationary regimes, 
we note that the denominators of (2.13)-(2.17) are  non~ 
negative, while the numerators  may be both positive 
and negative. For  a stable regime the condition 

di~ / d~o > 0 (2.18) 

mu~t be satisfied. 
It is easy to see that if d~em/d~im -< 0, then (2.18) 

is known to be satisfied. Condition (2.18) is not sa t is-  
fied if fern = 0, fire ~ 0 for E 0 > 0 or  fern ~ 0, f ire = 0 
for E 0 < 0 even in quite s imilar  cases~ (fern ~ 0, 
fire ~ 0). Then 

di~ I~.~ g~ E~ ~ O, (2.19) 

~-g;, = ~~ - ~.~ (2.20) 
Y t m  Y M  

v~ ~ = t,~,~ + 1~,,, ' v ,  ~ :=  v ~ ,  l ~  ' 

A typical graph of J0(E0) is presented in Fig. 4. 
The segments AC, A 'C '  are unstable, since between 
the points A, A' and the points B and B', respect ive-  
ly, there is a jump in the curve, and similar ly between 
points C, C'  and D~ D'. 

In conclusion, the author thanks A. I. Morozov for 
his interest  and useful advice. 

Ecigo = [__~.dY (~.~) + 1o, (v~) v,m] dg~-- (2,12) 

E~E0 = I~ (v . )  ( f v - . '  + ~-'v,J + v . )  d~.~ + 
"F [ d~ (Oh,) n (2.13) 

+/~ (v,.) ~ J  d ~ .  

Expressing dcPem, d~im in t e rms  of E0dE 0 and sub- 
stituting the obtained expressions in (2.8), we find 
the relation between dj0 and dE 0 (for the case E 0 > 0) 

[ (-- Y'~.'n + tcrtr, V~rr,) (Ytrn" + ]tmVlm) + X 
l -1 

+ i~l~,,, (v,,,~ + n) (1~/'n-- ,~,,)] (2.14) 
A 

d~,. Y~,; + ~'/,l,,,,v~ ' Y 'J  - ~ ( - - ~ ) '  

~v (2.15) Yt,4 = ~-(--'~,m), 
hm - / ~  (v~), I,~-=/o,(Vjm), 

Similarly, for E 0 > 0 
(2.16) 

x[-- Y~' + I~o,~) (Y~' + it~v~,,,) + 
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